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Abstract

By the dimension reduction idea, overshoot for random walks, coupling and martingale argu-
ments, we obtain a simpler and easily computable expression for the first-order correction
constant between discrete harmonic measures for random walks with rotationally invariant
step distribution in R? (d > 2) and the corresponding continuous counterparts. This confirms
and extends a conjecture in Jiang and Kennedy (J Theor Probab 30(4):1424-1444, 2017),
and simplifies the related expression of Wang et al. (Bernoulli 25(3):2279-2300, 2019). Fur-
thermore, we propose a universality conjecture on high-order corrections for error estimation
between generalized discrete harmonic measures and their continuous counterparts, which
generalizes the universality conjecture of the first-order correction in Kennedy (J Stat Phys
164(1):174-189, 2016); and we prove this conjecture heuristically for the rotationally invari-
ant case, and also provide several examples of second-order error corrections to check the
conjecture by a numerical simulation argument.
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1 Introduction

Universality is an important topic in statistical physics and probability theory. For instance,
the central limit theorem (CLT) and Donsker’s invariance principle are kinds of universality
in probability theory. Based on Donsker’s invariance principle, can further research be done
on universality? Indeed, the first-order corrections for error estimation between discrete
harmonic measures and their continuous counterparts happens to be precisely such a kind of
universality problem.

Motivated by Kennedy [23] and Jiang and Kennedy [19] in R? (and also Wang et al. [31]
in R? with d > 2), in this paper, we investigate the universality for the first or high-order
corrections between discrete and continuous harmonic measures in R? with d > 1.

To begin, denote 0 = (0,---,0) € R, x = (x1,--+,xq) for any x € RY and N =
{1,2,3,---}. Let {X;}72, be an i.i.d sequence of random variables in R4 with common
rotationally invariant step distribution x on unit open (or closed) ball BY € RY satisfying
1{0} = 0 (here {0} = 0 can be replaced by {0} < 1. Indeed, for any measurable subset A

of BY, note that the random walks {8 S }n>0 and SS,,’AL }n>0 have the same discrete harmonic
measure if we replace & by P/L]W“(A \ {0}). -

Write X; = (X[(l), cee Xf‘”). Assume Var (X}l)> =k € (0, 00). For any X € RY, we
define the random walk S* = {S/ }n=0 on R4, d > 2 with step distribution p starting at X
by

n
St=Y X, n=0. (1.1)
k=0

Let {Y;}7°, be an i.i.d sequence with the common distribution as X gl), which is independent
of S*. Define an one-dimensional random walk R* = {R} }n>0 on R starting at Yo by

n
RE=Y"Yi, n>0.
k=0

It is well-known that as § — 0, rescaled process {85&72, |

{B(kt)};>0, where | x] is the integer part of x € R and B = {B(t)};zo is the d-dimensional

} converges in law to
>0

standard Brownian motion starting at 0; and [8 Rt;‘zf |

},>0 converges in law to 1-dimensional
Brownian motion {B(kt)};>0. -

To continue, let D C R? (d > 1) be an open simply-connected bounded domain with
smooth boundary D and 0 € D. Fora,b € Randa < 0 < b, define Q = (a,b) C R. In
the one-dimensional case, we use 2 instead of D to facilitate the distinction between one-
dimensional and high-dimensional cases. Denote by P* the law of a stochastic process started
at x, and E* the corresponding expectation. Here “a stochastic process” may be random walks

S* and R*, and Brownian motion B. Put
tp =inf{t > 0: B(t) ¢ D}.
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Let w(x, dz; D) be the continuous harmonic measure for B = {B(t)},>o exiting from D
when staring at x € D, that is,

w(x,dz; D) = P*(B(tp) € dz). (1.2)
For one-dimensional case, let D = 2 and
w(x,z; Q) =P (B(rQ) =2), z € {a, b}. (1.3)

In fact, (1.3) is also known as a special case of Gambler’s ruin probability.
Now we turn to the discrete-time setting. Without loss of generality, in the rest of this
paper we will always assume S{f = 0 (resp. Rg = 0), unless otherwise specified. Let

Tp =min{n > 0: §S ¢ D} (resp. To = min{n > 0: SR ¢ Q}).

Define discrete harmonic measure ws(0, I'; D) (resp. ws(0, T'; )) for {8Sk }n=0 (resp.
{8R} }u>0) exiting from D (resp. Q) by

ws(0,T: D) =P (55;[) c r), V measurable T’ C 8D, (1.4)

(resp.a)g(O,z; Q):P(@: ) vzeasz={a,b},) (1.5)

where (SS%) (resp. (SR?Q) is the point on d D (resp. d€2) with the smallest distance to (SS?D

(resp. (SR;Q). Note that the choice for (SS%) is almost surely unique when 6 is sufficiently
small.

In statistical physics, there is much theoretical or numerical evidence showing that a
number of discrete harmonic measures for random walks (not necessarily Markovian) con-
verge weakly to the corresponding continuous counterparts. Refer to [10, 18, 19, 22, 23, 26]
and references therein. Then it is natural to ask how quickly or in what form these discrete
harmonic measures converge weakly to the corresponding continuous counterparts. This
question originated from the study of harmonic measure error corrections for 2-dimensional
random walks [simple random walk (SRW), nearest neighbor random walk not allowed to
backtrack (RWNB) and smart kinetic walk (SKW) on square, triangular and hexagonal planar
lattices] by Kennedy [23] in 2016. More specifically, there are clear numerical evidences to
support the following universality conjecture:

1
lim <[} (0.d2: D) = @(0.dz: D) | = Cur, o0 (0.2) Idz]. (1.6)

where a)g/l’L (0, dz; D) isthediscrete harmonic measure averaged over orientations (rotations)
for the random walks on planar lattices. The reason for averaging over the orientation of
the lattice is that Brownian motion is rotationally-invariant and the discrete models are not
rotationally-invariant; and in a certain sense, it is natural to take an average over the orientation
of the lattice when considering the first-order harmonic measure correction universality.
pp(0, -) is a universal measurable function on 9D independent of the random walks and
lattice (this indicate that there is a sort of universality for first-order correction), and Cy 1, is
a constant dependent on models and lattices but not dependent on the domain. For the details,
see [23, Conjecture 1].

The conjecture (1.6) was motivated heuristically in [23] and is still open, and the exact
value of the C)yy, 1 is unknown. As a contrast to the discrete setting for random walks, in the
continuous situation, Jiang and Kennedy [19, Proposition 1] proved rigorously the first-order
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correction universality conjecture for uniform step 1 on B2 with correction constant

16 8 [7/? ,
K=— + 7/ (sin® @ — (sin* 8)/3 — 6 cos O sin O) E* % ([Tm (S )|)d6,
457w Jy i

where E/°Y is the conditional expectation of {S¥ In=0 given Sp = icos@, Im(z) is the
imaginary part of z and Ty := inf{n > 0 : S, ¢ H}. Monte Carlo simulation of this
¢y gives 0.2647664 £ 0.0000026 (note [19] used K instead of ¢, here); then Wang et al.
[31] extended Jiang and Kennedy’s conclusion to high dimensional first-order correction of
discrete harmonic measures as follows: For the random walk S* with y rotationally invariant
on B? (d > 2), and n{0} < 1, in the sense of the weak convergence topology,

1
;in}) 3 [ws(0,dz; D) — @(0,dz; D)] = c,pp(0, 2) |dz], (1.7

where ¢, is a constant depending only on u and pp(0, z) is a measurable function on 3D
independent of i, and |dz]| is the Lebesgue measure on 9 D.

Please note that ¢, given by (1.7) in [31] and K given above are both very complicated.
There is usually no valid method for calculating the “expectation term” associated with them.
From [19, Remark 4], Jiang and Kennedy conjectured that there seems to be a much simpler
expression of K (namely ¢, here). From view points of both theoretic analysis and numerical
simulations, it is of interest to seek for a much simpler, beautiful and computable expression
for ¢,,. This is one aim of our paper. In this paper, we obtain such an expression for ¢, with p
being rotationally invariant on B (d > 2), which is given by (1.10) and implied by the proofs
of Theorems 1.1 and 1.2. The precise calculation of ¢, requires the study of the overshoot of
random walk, roughly speaking, the overshoot of random walk is the quantity of a random
walk excess over the boundary. More details with respective to overshoot of random walk
refer to [1, 12, 16] and Sect.2.4.

Besides of our theoretic analysis results (Theorems 1.1 and 1.2), another aim of this paperis
to understand further the universality for the first-order and higher-order corrections between
discrete harmonic measures and their continuous counterparts by a heuristical argument
and numerical simulations. The heuristical argument and numerical simulation evidence
lead us to believe that the universality described in Conjectures 3.2 and 3.3 is true. To
the best of our knowledge, there are no research conclusions or conjectures that take into
account the mentioned high-order corrections in the existing references. In fact, Conjectures
3.2 and 3.3 represent generalizations of first-order corrections between discrete harmonic
measures and their continuous counterparts, to be more precise, Conjecture 3.2 is for the
rotationally invariant step distributions p and is proved heuristically, and Conjecture 3.3 is
for the generalized discrete harmonic measures (e.g. step distributions u are not necessarily
1.1.d, not necessarily rotationally invariant, even the scaling limit of the random walk needs
not be a Brownian motion).

Let 7y :=min{n > 0: R} >1}.l € R. Define h*(l) on [0, 1] by

T2 [ o2 —2ye-ne 1 3-d 3 P\
h“(1)=/ ( /d_)l ( ) a2 t2h <7’7;7;7>7
1] \/EF(T) (d_ 1)r 2 2 2 r r

xdv(r) — év([l, 1D,
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where v([0, r]) = v(r) := u({w : lw| < r}),r € [0, 1] and 2 F| (a, b; c; 7) is the hypergeo-
metric function given by

o0

2Fi(a, by =)

n=0
and (x), =x(x + 1) --- (x +n — 1) is the Pochhammer symbol. Let

Cp = 2/01 (1 + 01| RE — 1) hey (1.8)

(@)n(b)n i
(©n n!’

K
Our theoretical results are stated in detail as follows:

Theorem 1.1 The first-order harmonic measure correction constant c;, for random walk
{85#},,20 € R4 d > 2 is the same as that of random walk for {SRZ‘}”Z() e R. More
precisely, for c,, specified in (1.8), both (1.7) and the following equality hold:

lim ! [ws(0, z; 2) — (0, z; Q)] = cupa(0,2), z € {a, b},
508
where w(0, z; Q) and ws (0, z; Q) are given respectively in (1.3) and (1.5), and
—a—=b
pa(0,2) = { b—ay’
(b—a)?’

Theorem 1.1 implies that the calculation of the first-order harmonic measure correction
constant for a high-dimensional random walk can be solved by transforming it into a one-
dimensional random walk. This insight, which we refer to as the dimension reduction idea,
is important in our paper.

To continue, let’s recall two concepts, nonlattice and strong nonlattice, for R-valued
random variables as follows. Let £ be a random variable taking values in R, and denote
its distribution by 7. Say £ is lattice (arithmetic) if n({0, +a, £2a,---}) = 1 for some
a € (0, 00), and otherwise nonlattice (non-arithmetic). It is known that £ is nonlattice if and
only if

z=a,
z=b.

d(1) = / eV pdx) £ 1, 1 £0.
R
Say £ is strongly nonlattice if

liminf |1 — ¢(7)] > 0.
|t]—> o0

Theorem 1.2 Suppose X; € R,i € N are symmetric, nonlattice and i.i.d. random variables
with E[X1]1=0and E[X}] =k € (0, 00). Let Ry = X1 + -+ + X,. Set

s(0,z,2) =P (R, = z) ,z2 €{a, b}

for the discrete harmonic measure of R, and (0, z, Q) := P (B(tq) = z) for the contin-
uous harmonic measure. Write Ty = min{n > 1: R, > 1}, and

(=2t =asb =g,
cs= lim E'[R;] >0, p&(0,2) = (b—a) neN.
¥ [—+00 [ ]] @ (_z)n—l (bf:_)lzwl , =0,

(i) Forany z € {a, b},

1
lim = (@5(0.2. 9) — (0.2, Q) = c2pg 0. 2).
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(ii) Assume further X; € R, i € N are also strong nonlattice, and P(X1 < t) = o (e”’) as
t — —oo for some constant r1 € (0, 00). Then for some r € (0, 00), as § — 0,

jal +b — |z + cx8 + o(e™5)
lal + b + 2.8 + o(e™5)
which implies that for any n € N,

ws(0,2; 2) = ., z €f{a, b},

1 n—1

lim = (w5<o, 2.9 —00.2,2 - Y kpd 0, z)3k> = cp3(0,2), z € {a. b).
k=1

(1.9

Remark 1.3 Let
HY = {(xl,xZ,... xa) €RY: xy >0}, Tyga ::min{nzo: s ¢Hd},
£:=(0,---,0,1) e R?.

(i) It is worth noting that random walk R/ in Theorem 1.1 have a probability density function
for their step distributions. Hence, Ry in Theorem 1.1 can be seen as a special case of R, in
Theorem 1.2. If step distribution of R} has same law as that of R,,. Theorems 1.1 and 1.2
imply that the first-order correction constant ¢, (i.e. (1.8)) can be expressed exactly as

2 : 0 12 : 14 " 13 . 0 N
o2 [ oo o= s 5[5 -5, )= ).
(1.10)

This remark confirms the conjecture in Kennedy and Jiang [19, Remark 4]: K = ¢, is
exactly given by the much simpler expression,

© 8 (1-24)

X

K= lim E° [R?]:/ ——log | —————2 | dx = 0264766405 - - - .
[—>+00 ! 0 X X

Here 4 is the uniform distribution on B2, J; (z) is the Bessel function of the first kind of order
1. For the calculation process of K, please skip to Corollary 2.12.

(ii) In Theorem 1.2 (ii), if we replace the condition P(X| < t) = o(e""") (t — —o0) with
E(1X11%) < oo for some k > 2, then by [5, Theorem 1], similarly to Theorem 1.2 (ii), we
can prove that as § — 0,

la| + b — |z] + cx8 + 0(8"2)
la| 4+ b+ 2¢,8 + o(8%2)
In this case (1.9) holds forn < k — 1.
(iii) As a special case, in Theorem 1.2 (ii), if X has density ﬁ exp (—%) ,x € R with

w5(0,z; Q) = , z€{a,b).

A € (0, 00), then from Proposition 2.16, for any § € (0, 00),

la| + b — |z] + A8
0,50 = AT T2 ctab).
@5(0.2:8) = =m0 € lah)

(iv) It is easy to verify that Theorem 1.1 also holds for X; which is supported in
B% = {x]x e RY, |x| < R} (d >2,0 <R < +00)
instead of B¢. Indeed, by multiplying X; by 1/R, it degenerate into our model. We believe

Theorem 1.1 also holds for X; is supported in R?,d > 2. However, it requires a good
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definition of a random walk exiting from the boundary of the domain. For example, especially
when |SS¥D| = 400, one can uniformly choose a point on the boundary as the hitting point

85;0. This is important because when § is sufficiently small, the choice of § S’TLD may not be
almost surely unique, but it could be uniquely determined under probabilistic convergence.

The paper is organized as follows. In Sect. 2, we recall firstly some preliminary facts
on Green’s function, Poisson kernel, harmonic measures, overshoot of random walk and so
on; then after giving a series of lemmas on discrete and continuous harmonic measures, we
prove Theorems 1.1 and 1.2. In Sect. 3, we suggest a conjecture for high-order error approx-
imation of generalized discrete harmonic measures and prove the conjecture heuristically
for the rotationally invariant case. In Sect. 4, some examples of first-order and second-order
error simulations for discrete harmonic measures are given. Finally, in Sect. 5, we give our
concluding remarks.

2 The Proof of Main Theorems
2.1 Preliminaries

First, we review some facts about the Green’s function and Poisson kernel.
Recall of Q = (a, b) € R, for small § > 0, let

Qo ={ze€ Q:dist(z, Q) <8}, Q3 ={zeR\Q:dist(z,dRQ) <§}. (2.1)

Setx,y € R9, the free-space Green’s function in R?, d > 1is known as the Newton kernel,
which is defined by

1

5-log(lx — y|), d=12;
G(x,y) ={runi _

LU D —y2d, d 2

Then the Laplace operator of G (x, y) satisfies

AG(x,y) =8(x —y),
where §(x) is the Dirac delta function.

Definition 2.1 Givenz,w € D C R?,d e Nand ¢t > 0, let pp(t, z, w) be the density of

B(t A tp) assuming B(0) = z, that is

P=(|B(t) —w| <€t < 1p)
Vyed

pp(t, z, w) := lim
e—0

)

where V; is the volume of BY, i.e. V; = %. Let pp(0, z, -) be the Dirac delta function

at z and we set pp(t, z, w) = 0 if either z or w is not in D.

Green’s function for D C R?. The Green’s function for the Laplacian with Dirichlet
boundary conditions on D or the Green’s function for Brownian motion stopped at 9D, is
defined by

1 o0
Gp(z, w) = 5/ pp(t,z,w)dr,  z,weD,
0
where the multiplicative factor % is chosen for convenience.
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Lemma2.2 Given D C R4, d € N, Gp(z, ) is the unique harmonic function on D\{z} such
that Gp(z, w) — 0as w — 9D, and Gp(z, w) can be expressed as

— 5= (log(lz — w]) — E* [log |B(p) —zl]) . d=2:
G w) = DR (1, ppd e e
22D (|12 — w4 —E" [|B(p) —2P]),  d#2.

Proof For d = 2, see the Lemma 3.37 in [27]. The cases d # 2 can be derived by the
argument similar to that of case d = 2. O

Forafixedz € D C R? and w € D, we set an auxiliary function

- LB [log |B(tp) —zl]. d=2
Z,w) =
~LAR D [|B(ep) — 224], d #2.

Then h(z, -) is a harmonic function on D, which is the solution to the Dirichlet problem for
the boundary value given by

5 log(lz — wl), d=2, wedD;

) =" rupo r—d
— g lz—wlT d#2, wedD.

Poisson kernel. Given D C R? with smooth boundary 0D, if z € D, w € 0D, Kp(x, 2) is
the Poisson kernel in D and may be defined as the derivative of the Green function G p(z, w)
in the direction ny,, i.e.,

_ 9Gp(z, w)

Kp(z, w): on
w

’

where n,, is the inward unit normal at w € 9 D.
It is known that for fixed x € D, w(x, dz; D) is absolutely continuous with respect to
|dz|, the Lebesgue measure on d D. More precisely, for d-dimensional case(d > 2),

w(x,dz; D) = Kp(x, z) [dz];
For one-dimensional case, let D = Q,
o(x,z; Q) = Ka(x, 2) = P*(B(tq) = 2), z € {a, b}.

Refer to[ 14, 15, 17, 21, 27] for more backgrounds and details regarding Green function and
the Poisson kernel.
For any bounded function g on 9€2, consider the following Dirichlet problem:

Af(z) =0, z€Q,
f(2) =g(2), z€ 0.

The unique solution to the equation above can be written as

fO= 3 s o) =S50 =8@,  g@hogba o, ,

weab) b—a b—a

Obviously, f(z) is defined for any z € R. Let v be the step distribution of {R}, },,>0, s0 v is
a probability measure on [—1, 1]. The generator As for the random walk {§ R} },>0 is given
by

AsH(z) = / [H(z+dw) — H(z)] du(w), (2.3)
[—1,1]
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for any bounded measurable function H on R. Consider the following discrete Dirichlet
problem:

{ Asfs(z) =0, z € Q, (2.4)

f3(z) =¢g(@), z € Q3;

where Q3 is given by (2.1), and 7 € 9 satisfies |7 — z| = min{|¢ — z| : ¢ € dRQ}. Let
ws(z, w; Q) be discrete harmonic measure for {8 RY }n=0 exiting from w when staring at
z € Q. Itis easy to see that the function f5 defined by

f@= D sw) sz w: Q) 2.5)

we{a,b}

is the unique solution to (2.4). The uniqueness follows from the maximum principle.
Recall that p is rotationally invariant on BY (d > 2) with £({0}) = 0. Then the k-

fold convolution v* with k > 1 is absolutely continuous with respect to the 1-dimensional

Lebesgue measure. Define the transition probability density for the random walk {§ R },>0 :

p5(0,x,y) =8(x — y):
P*(I8Ry — y| <€)
, n

N, 2.6
e € (2.6)

ps(n,x,y) = lim
e—0

Likewise, define the transition probability density for {§ R}y }n>o0 killed on exiting from 2
as follows: Forany x € Q and y € R,

ra,50,x,y) =8(x —y);

P*(|8Ry —y|<e.n<Tq)
P ’

pa.s(n, x,y) = lim n e N.
e—>0

Here pq s(n, x, y) does exist by (2.6) forn € N.
The killed discrete Green function is defined by

o0
Gs(x,y) =Y pasn.x,y), xyeQ.
n=0

2.2 Some Lemmas

An argument similar to [19, Lemma 3] shows that the following Lemma 2.3 holds.

Lemma 2.3 For any bounded function g(x), x € 0K2, then we obtain

f5(0) — f(0) 2/ G5(0,2)As f(2) dz. 2.7

Q)
Define potential kernel as(x) for the random walk {§ R}, } n>0 by

as(x) =) [ps(n,0,0) = ps(n,0,)], xR 2.8)

n=1

For convenience, we write a(x) := aj(x), p(n,x,y) := pi(n,x,y). From the (2.6) and
(2.8), it is easy to verify that a(x/8) = das(x).

@ Springer



81  Page 10 of 35 Y.Wang et al.

Lemma 2.4 a(x) is well-defined, and there exists a constant Co depending on p such that as
x| — oo,

x|

a(x) = —+Co+ 0 (xI71),

K
where the constant in big O term only depends on .

Proof The lemma follows from the analogous argument of Lemma 2.4 in [31]. ]

Lemma25 Foranyx,y € <,

ey, 1a @b -+ oD —a)

Galr,y) =-"7""+7 b—a

Proof According to the Lemma 2.2, the proof is trivial. O

To avoid abuse of notation, for a 1-dimensional inward unit normal n, at x € 92, we can
assume:

Corollary 2.6 If|al,b > §, forl € [0, 8],

b I =a;
G0, x +ny) =1Kq(0,x) = { P74
—al> x =b.
Proof This corollary follows immediately from Lemma 2.5. O

Lemma 2.7 Define the following function in (I, §) with0 <[ < :

r'd/2 82r2 —1%)d-b/2 1 3-d 3 > \P?| I
h“(l,5)1=f ( /d_)l ( ) 7 T2 <*, — ﬁ> — |-z
e | V(55 | d—1Der) 272 7276822 ) sr| 2

xdv(r),

where > F1(a, b; c; 7) is the hypergeometric function and v(r) == p({w : |lw| < r}),r €
[0, 1]. Let f(x),x € R be given by (2.2). If |a|, b > §, forl € [0, &1, then

0
Asf(x +ny) = ht(1, 5)&-
ony
Proof For w = (x1,x2, -+ ,x4) € ]Rd(d > 2), we introduce the d-dimensional spherical

polar coordinates transform:

x1  =rsin(gy) - - - sin(@g—2) sin(@a—1),
X =rsin(gr) - - - sin(@g—2) cos(@q—1),
: (2.9)
Xg—1 = rsin(@y) cos(¢2),
xq =rcos(gr),

where 0 <r < oo, 0 <¢4-1 <2m,0<¢; <m, 1 <i <d — 2. Then the corresponding

Jacobian determinant J4(r) := Jq (@1, - - - , 9a—1, r) satisfies that
A(xy, -+, Xd—1, Xq) 1 o, . _ .
Ja(r) = =r?sing) P (singp)? - singg 0. (2.10)
8(9019 tee 5(pd7]7r)
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For the convenience of calculation, for any w € B9, write p := p(r, ¢1, 92, -+ , @4—1) for
w in the spherical polar coordinates. We rewrite du(w) as the form of spherical coordinates:

I'd/2)
dp(w) =du(r, @1, -+, @a—-1) = de(”)diﬂl c-odeg-1, 2.11)

(r @1, ga-1) €10, 1] x [0, )72 x [0, 270).
Recall the fact that . is a common rotationally invariant probability measure on B¢ € R, d >

2 such that ©{0} = 0. Here we only prove the case for d > 3, since the proof is similar for

the case d = 2.
Notice (2.11), and recall the definition of As f in (2.3) and (2.4). In order to simplify the
calculation, let f(x) := f(x) withx = (x, x2, -+ ,Xq) € R4, hence we get

n = L0 0) x=(a,x2, - xa);
T=1,0,--,0), x=(b,x2, -, xa).

Therefore,
Aot ing = [ [Tt i) - Foc+ o] drecu
Bt
1 2 T b4
:/o /O /0 /0 [f(x+Ing +8p) — f(x +Ing) | Ja(r) du(r, @1, -+, 9a—1)
2 b4 b4
:/ / / / [F(x+ g +80) — F(x + )| Ja(r) die(r, 91, -+, @a—1)
[0,/ Jo Jo 0
2 b4 b4
+/ / / e [f(X+an+8p) — f(X + lnx)] Jd(r) d/JL(r5 (7 P gad*l)
i/s,1Jo Jo 0
2 T T ~
:/ / / / [f(x+Ing+8p) — f(x+In)|Ja(r) du(r, @1, -+, @a—1)
us,1Jo Jo
2 T 7 /24-arcsin (%) - -
:/ f / / [f(x+Ing+8p) — f(x+Iny)]
u/s11Jo Jo 0

XJd(r) d/""(rv @1, ,‘Pdfl)

2 pm arccos(%) - ~
_|_/ / / / [f(x+Ing —8p) — f(x+Iny)]
[1/8,11 JO 0 0

XJd(r) d,u(r, Q15 a(pdfl)
=L, + Lx,I).

(=}

énx on
vanish in /1, I>. A basic calculation shows

iy a2 a2
Notice the fact that 3%:) = 20 gpq 2 8"; W) — 9SO — 0, which implies that the O (%)

9 2 pw 7 /24-arcsin Lr
nwo="g2 f L ) by contny 34 ao .-
u/s,11Jo  Jo 0

ony
_ ) T(d/2) (8272 —12)d=D/2
Coomy Jugsy Jar(dgh) (@ = DErd?

dv(r).
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Likewise, we have that

df(x) o paceos (i) r(d/2)
L(x,l) = /[]/5,1]/0 /0 —le(")W x dey - - - deg—odv(r)

ony
9 x arccos(%) /2 o
-z )f / 1P Sin 2 ) dgrdvr)
omy Juys,1Jo VT (555)
3 f(x) I'(d/2) 1 3-d 3 12\I?* |
= a d—1 2Fl 5’ 2 55,8272 ;_Edv(l")
N Jugs 1 /70 () re) ér

The last equation holds by a simple computation as that of Lemma 2.8 in [31]. This completes
the proof of lemma. o

The following lemma is an estimation of Green’s function G;(0, z) near the boundary
of the domain 92, more estimation of discrete Green’s functions for discrete-state random
walks on different lattices or domains refer to [3, 7, 13, 19, 24, 31].

Lemma 2.8 Assume (—38,8) C 2, x € 0S2. Then for anyl € [0, §], as § — 0,
2
82G5(0.2) — “Ka(0,x) (1 +E [wkgfl - u]) = 0(s).
where 7 = x + Iny € Q) and the big O term depends on Q and 1.

Proof The proof of the lemma is analogue to that of Lemma 5 and Proposition 2 in [19]
and based on some new estimations, such as the potential kernel as(x) and the solution of
one-dimensional discrete Dirichlet problem, and so on.

First, we need to show that there exists a constant C > 0 depending on w but not on §
such that

2
82G5(0,2) — ~Ga(0,2)| = C8

holds uniformly in z € Q with |z| > §. For z € R, let Hs(z) = 821)9,5(0, 0, z) —8la(z/d) —
Col, define

es(2) 1= 82Gs(0,2) — Hs(2)

oo
=382 pask,0,2) +8la(z/8) — Col, z € R,
k=1

Recall of v in (2.3), by the Markov property for {8 R}, },>0, we get

pa.sk,x,y) :/

pastk — 1, x,y+85)dv(E), x,yeQ, kel
1]

and by the Fubini theorem, for any z € €2,

[e.¢]
e5(2) = 8 pa5(1,0,2) + 8%as(2) — 8Co + 87 Z/ pa.stk — 1,0,z + 88)dv(&)
k=2 Y= L1

= 8%pa.s(1,0, 0)+52/ as(z + 8&)du (&)
[—1,1]

o0
—8Co + 8 Y pask. 0.2+ 66)dv(E)
(=110 =y

@ Springer



The High-Order Corrections of Discrete Harmonic Measures... Page 13 of 35 81

:/ es(z + 8&)du(§).
[—1,1]

According to the definition of e5(z), it can be easily verified that es (z) = 'ﬁ—' +0(8%/Izl) .z €
Q3. So we obtain that

{ Ases(z) =0, 7€, (2.12)

es@) =L+ 0(8%/1zl), zes.
Recall Lemma 2.5, define ¥ (z) := Gq(0, z)+ % = % %ﬁm*“), ¥ (z) can be extended
to a harmonic function in domain containing 2 U 23. Indeed, ¥ (z) is the harmonic function
of z € Q satisfying

(2.13)

Ay (z) =0, 7€Q,
Y(z) = e e

Subtracting %x (2.13) from (2.12), we get

l As[es(z) — 29(2)] =0, zeQ,
es(2) — 29 (2) = 0 (8%/lzl), z e Q.

Note that we assumed (—4§, §) C €2, then the maximum principle for As implies that

(2.14)

2
es(z) — ;w(z) =00), zeQ.
Therefore, we finish proof of the first step after a basic calculation.

82G5(0, 2) = es(z) — 8 [a(z/8) — Col
2 2

(*1//(1) + 0(8)) - (*E +0 (62/|z|)>
K K 2

2
;GQ(O, 2) + 0(9),

where three equalities are true if |z| > §.
The second step, it suffices to prove for z = x + In, € Qy,

(@) — 2 (@) = 2K (0, )E [|5R¢l —1|] +0(8). (2.15)
K K

where 7j := min {n > 0: §R} ¢ (—00,)}. We write out the O (§2/|z) in (2.14). Then
es(z) — 2y (2) satisfies

_2 —
[Mla ol e
es(z) — 2Y(2) = —=2Gq(0,2) + 0(89), ze€Q3,
and recall the Corollary 2.6, and Gg(0, z) can be extend to Q3. Indeed, for/ € [0, §]
— by = a:
Ga0,z—In) = —IKq0,2) =1 t (2.17)
ml, = b.
Let F5(0, z) be the solution of the following discrete Dirichlet problem
As F; = Q;
sF5(0,2) =0, z€ 2.18)
F5(0,2) =IKq(0,x), z=x—In, € Q3.
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Then (2.15) follows from (2.16), (2.17) and the following claim: for z = x 4+ In, € Q»
F3(0,2) = Ka(0, DE [ ISR}, — 1] + 0(?). (2.19)

Observe that {R}}(n < Tgq) is a martingale. According to the property of martingale, it is
easy to check that for z = x + In, € Qj, the solution of (2.18) can be written as

] . (2.20)

Recall the Q25 = (a,a +8) U (b — 6, b), we may assume z = b + Iny, € (b — 6, b), let

F5(0.2) = B [Kq (0,887, ) [8R], -8R},

5 =F* [Ib—SR';QIISR"Q :b], I :=FE° [la—5R¥Q|‘3R¥Q :a].

More specifically, I;, IZ is the average distance of random walk & R!! started from z under
the condition of exiting from the boundary point b, a respectively. As a matter of fact,
0<%, lg < 8, then (2.20) can be expressed as

b+la|+1IZ—1 Iy +1

———24 —FKq(0,h) + —————— 1 Kq(0,
b+lal+E+105" o )+b+|a|+z;+zg oK. )
14+ 0B)NI;Ka(0,b) + 0(5)I:Ka (0, a)

= [}Ka(0,b) + 0(5?)

= Kq(0, 2)E° [|3R';l — l|] + 006,

F5(0,2) =

The last equality holds based on the fact that [ Z = (1+ O(8)E° [|8R’7fl —1 |] for small §.

The claim (2.19) holds for the similar case z € (a, a + §), which completes the proof of
lemma. O

Intuitively, Lemma 2.8 tells us the following fact: the estimation of discrete Green’s
functions near the boundary is related to the Dirichlet problem, and the solution to the
Dirichlet problem is related to the distribution of random walks leaving the boundary. This is
why the estimation of discrete Green’s functions near the boundary is related to the overshoot
of random walks.

2.3 Proof of Theorem 1.1
Let fs5 and f be as in (2.5) and (2.2), respectively. By Lemma 2.3, we get that

f50) = f(0) = Z [ws(0, z; 2) — (0, z; Q)] g(2) = /Q Gs(0,2)As f(2) dz
z€{a,b) 2
§ S
= / Gs5(0,a +Ing)As f(a+Ing) dl+/ Gs(0,b + Inp)As f (b + Inyp) dl.
0 0

Combining with Lemma 2.7 and Lemma 2.8, a straightforward calculation gives that

df(2)

n;

O = fO) =cu8 Y Ka(0,2) + 0(8%),

z€{a,b}

where

e = 2/01 (1+ B0 RE 1) by at,

K
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with h*(l) := h*(l, 1) given in Lemma 2.7. As the analogue argument as that of d > 2-
dimensional case in [31, Lemma 2.12], one can derive that

9 —a—b7 =a,
Z ;:Z)ICQ(O, )= Z g(@)pa(0,2), pa(0,z2)= [(a_H’)z z=a

zefab) 0% zefa,b) boay: b

We might as well assume that g(x) in the above equation is:

0, x=a,

1, x=0b.

e ={ TT0 o g(x>=[

Combining the deductions mentioned above, a basic calculation shows
1
lim — [ws(0, z; ) — w(0, z; Q)] = cupa(0,2), z € {a,b},
5—0 4

By comparing (1.8) with equation (1.7) in [31] term by term. Thus we are arrive at the
conclusion that ¢, in (1.8) has same value as that of equation (1.7). So far we have completed
proving Theorem 1.1. O

2.4 Correction Constants for Some Special Random Walks

IfR, = ZZ: 1 Xk, n € Nis a 1-dimensional random walk started at 0, where X; are i.i.d
with common distribution F' := F(t) = P(X| <1),t € R. If for t > 0 there exists almost
surely n € N such that R, > ¢, then we can define the quantity

h(t) :== Ry, —t, with T;:==min{fn >1: R, >1t}, t>0. (2.21)

In the context of random walks, A(t) is also known as overshoot or the excess over the
boundary. But in the theory of renewal processes, h(t) is frequently called the residual
lifetime or excess lifetime, and Rr, is called the first ladder height. See the monographs of
Asmussen [1], Feller [12] and Gut [16] for a detailed description. There seem to be few
exact calculation for h(f) with fixed r > 0 in general random walk. But there is a relatively
well-studied theory for the special case t = 0 and + — oo. The extensive reading is available
ate.g., [4, 8, 11, 28].

Similar to the definition of [1, Section VIII]. Let 4 = Tp and 7— = inf{n > 1: R, < 0}
be the first ascending, descending ladder epoch respectively, G+ be the ascending ladder
heightdistribution G, (1) = P(R;, < t),and G _ be the descending ladder height distribution
G_(t) =P(R,_ <t).Infact, G4, G_ canbe obtained by solving Wiener-Hopf factorization
identity (e.g. [1, Theorem 3.1]): F = G4+ + G_ — G4 * G_, where * denotes convolution.

By iterating the definition of 7., 7_, we can define whole sequences {7 (n)}, {t_(n)} of
ladder epochs by 7 (1) = 7, t—(1) = 7_, and

T (n+1)=inf{k > 7,.(n) : Rg > Ry, ()}, neN;
_(n+1)=inf{k >71_(n): Re < Rt (y}, neN.

Then {R:, (n)}u>1, {R:_(n)}n=1 is called the ascending, descending ladder height process,
respectively.
We consider the counting process N defined by

o0
N(@) = U, <) =minfn: Re ) > 1}, >0,

n=1
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and let G, () be the distribution function of R, (), n > 1. Thus,
Gi1(t) =G4 (1), Gu(t) =GV (1), neN.

G"* is the n-fold convolution of G, itself. The associated renewal function can be written
as

Up(t) =EWN@) =Y Ga(0). (2.22)
n=1

The well-known fact that (e.g. [16, Theorem 5.3]),
E(Rr, (viy) = E(R)EN (1)) = E(R ) U4 (7). (2.23)
The following lemma gives an asymptotic estimate of U (¢) as t — oo.

Lemma 2.9 (Stone [30, Theorem]) If R, has finite first moment E(R:, ) and finite second
moment E(R%Jr), if for somer; > 1,1 — F(t) = o(e™"\") as t — o0, and if F is strongly
non-lattice, then for some r > 0,

1 E(R?,)

—rt
E(Rz,) * 2(E(R;,))? +ole™), ast— oo.

Ui(t) =

For further estimation of U, (¢) refer to e.g. [5, 6, 9]. The following Corollary 2.10 is an
immediate result from (2.22), (2.23) and Lemma 2.9.

Corollary 2.10 If X is a symmetrical random variable and F (t) is strongly nonlattice, if for
somery > 1,1 — F(t) = o(e ") as t — oo, then for some r > 0

E[a®)] = M

+o(e™), t— oo.
2E [Ry, ] €.
The following Lemma 2.11 is a simple variation of Lai [25, Theorem 3].

Lemma 2.11 (Lai [25, Theorem 3]) Suppose X1, X2, - -+ is a sequence of i.i.d. R-valued
random variables such that F is nonlattice, and E[X1] =0, E [Xﬂ =k € (0, 00). Let

R,=X+---+X,, neN. (2.24)
Then for all x > 0,
tlggo]P’[h(t) <x]= ]E[RTO /0 IP’ RTO >t dr, (2.25)
where E [RTO] = 5P (Z []P’(R,, <0)— 5 ) Moreover,

E [R%O]

Due to the complexity of calculations for both E [RTO] and E [ ] Siegmund [29] derived
an easier method to calculate for the ¢, when « = 1, as follows.

Cp = —%/ 120 log {2[1 — p(0)]/1%} dt, (2.26)
0
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where ¢ (1) = E[eﬁt X171, Mz is the real part of the complex number z.

Analogue to the property of stationary occupation measure for renewal process (e.g. [20,
Proposition 9.19]). Under the assumptions of Lemmas 2.11, 2.11 implies that the distribution
of h(t) is absolutely continuous with respective to Lebesgue measure. Fixing ¢+ > 0, and
putting

T, :=min{n > 1: R, > t}.

We note in particular that R7 —1 has the same distribution as that of A4(t) as t — c0. Hence

Corollary 2.10 also holds by replacing 7; in (2.21) with f,, which will be used in proving
Theorem 1.2.

For general case k € (0, 00), by suitable modification to the proof of (2.26), we can show
the following corollary.

Corollary 2.12 Under the assumptions stated in Lemma 2.11, we further assume that X1 is
a symmetric random variable with E [X]Z] = 1. Given a fixed value of k € (0, 00), if we
substitute X; with /i X; in equation (2.24), we can derive the following result:

__7/ (2(1 d’(f))) dr
B K12 ’
where (1) = E [eﬁ’\/’?xl].

Proof Let ¢ (1) = E[e¥~11X1)], recall of equation (2.26) and the fact ¢(t) = ¢ (1), we
obtain

Cy = ﬁ[—% /Oooz—zm log {2[1 — ¢(1)1/1%} dt]
_i/“t_zlogc(l —ﬁgﬁ)))
_7/ (2(1 ¢(r)))

kt?

The last second equality holds due to the symmetry of X and integral transformation. The
proof is completed. O

The correction constants ¢, for two types of random walks (i.e., with uniform step dis-
tribution on dB¢ or BY) are of interest to us. According to Theorem 1.1 and Proposition
2.15 below, the random walk S#* with a uniform step distribution on 9B9*2 has the same
correction constant ¢, as that of S* with a uniform step distribution on B, d e N.

The following Lemmas 2.13, 2.14 and Proposition 2.15 are to illustrate the close relation
between the uniform random variable on the B? and the uniform random variable on the
3Bd+2.

Lemma2.13 If X = (X(l), e, X(d)) ,d > 2, is a uniform random variable on OB, Then
the probability density f(d, x) of XV satisfies
A (g 2)F e -1y
fd, x)=1{ var(%) ( )
0, x € R\(—1, 1).

@ Springer



81 Page 18 of 35 Y.Wang et al.

Proof Set Ay xrax={w =0(¢1, -, ps—1,1)€0B?, ¢| € (arccos(x), arccos(x + Ax))}.
And let
Area(Ay x+ax) be the area of Ay x4y, then a basic computation gives

2 T arccos(x+Ax)
Area(Ax x+Ax) 2/ / / Ja(1) doi - - -dgg—2.
0 al

rccos(x)

Let wg be the area of 9B, i.e. wqg = 1221 //2) Therefore, for x € (—1,1)

L Area(Ax,x+Ax)

d,x) = lim
fd,x) Ax—0 wyq Ax
1 1 arccos(x+Ax) 271(0171)/2 )
= lim ——— — 7 sin® " “(g1) dey
Ax—0 wg Ax /arccos(x) r (%)
radj/2 d=3
— ( /d)l (1 _ X2) 7
VAl (55)
The rest of the proof is obvious. O
Lemma214 If X = (X(l), e, X(d)) ,d > 1 is the uniform random variable on B9, Then

the probability density f(d, x) of XV does exist and it satisfies

@Ry () _ )5 ce (<1, 1);
f(d7x) _ ﬁl—‘(%‘i‘l) ( )

0, x e R\(-1,1).
Proof The proof of lemma is similar to that of Lemma 2.13. O

Proposition 2.15 Ifi = ()N((]), cee )N((d)) is the uniform random variable on the B deN,
and X = (X(l), cee X(‘”Z)) is the uniform random variable on the ABIT2, Then ford € N,
we have

X law 2

Proof The proposition follows from Lemmas 2.13 and 2.14. O

A fascinating example for the random walk with bilateral exponential step distribution.
Its fascinating aspect lies in the fact that for any positive value of §, the harmonic measure
of this example can be computed exactly, without the need to consider § approaching 0. See
the Proposition 2.16, which provides a detailed explanation of Remark 1.3(iii).

Proposition 2.16 For A € (0, 00), and let random walk {R, },>1 be the bilateral exponential
step distribution on R with denszty 57 €Xp ( |x|> x € R. Then for any 6 € (0, 00), cx = A
and

lal +b — |z] + A6
0,2; Q= —————7—", z€{a,b}.
o0 ) == s celad)
Proof The proposition follows from the lack of memory of the exponential distribution. We
may find the argument similar to that of Chapter I in [12]. i.e. the point of the random walk
SR, first entry into R\ 2 is independent of the epoch of this entry and its overshoot distance
|8 Rry — 6R1 | at both a and b have same density - 75 €XP ( ) which implies that

E[[$Rr, —al |5Rrg = a] = E[|8Rr, | ’mZb]:/OooBe p(—5)dr =12s.
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Table 1 theoretical values for ¢y,

d-dimension Step distribution p of {S,’f tn>1 cu

d=1 The uniform distribution on (—1, 1) 0.297952276140383
d=2 The uniform distribution on 9B2 0.349376861547993
d=2 The uniform distribution on B2 0.264766405680596
d=3 The uniform distribution on 883 0.297952276140383
d=3 The uniform distribution on B> 0.240823087230242
d=4 The uniform distribution on 9B* 0.264766405680596
d=4 The uniform distribution on B* 0.222445055985682
Vd > 1 d-dimensional standard normal distribution 0.582597157939010

Due to the fact that E(6R7,) = 0 and ws(0, a, ) 4+ ws(0, b, Q) = 1, a basic calculation
yields
0 =FE(R7y) = ws(0,a, Q) x (a —A8) + ws(0, b, Q) x (b + 15).
The rest of the proof is trivial. O
Next, we will provide several correction constants for some random walks. Combining
the Corollary 2.12, Proposition 2.15 and the (i) of Remark 1.3, its not difficult to deduce the

following decimal approximation results (up to 15 digits ), as shown in Table 1. In following
table, S is transformed into RY whend = 1.

2.5 Proof of Theorem 1.2

The proof of Theorem 1.2 (i) is similar to that of Theorem 1.2 (ii), and is much simpler than
the latter. So we only verify Theorem 1.2 (ii). To begin, recall Lemma 2.11. Let A(l) =
(=00,0), [ >0,

Tagy=min{n : R, ¢ A(D)}, [ >0, 7,(6)=min{n : 6R, < a}, 7,(§)=min{n : SR, > b}.

Then 7,(8) and 73(§) are finite almost surely, and Tq = 7,(5) A 7p(5).

We divide our proof in two steps. Firstly, let £ be a nonnegative random variable whose
law is given by the right hand side of (2.25), we need to verify the following properties: As
5§ — 0,

1
P [E |8R7, 5 — b < x

Ta(0) < %(5)} — Pl§ =x], x = 0; (2.27)

1
Pl:g ’(SR%(S) —a| <x

Tp(8) < 7;(8)} — P[§ <x], x=0. (2.28)
Let {8§n }n>0 be another independent random walk starting from O which has the same
law as {§ R, }n>0. Notice that
{7a(8) < Tp(8)} = {max {§R,, : n = T,(8)} < b}.
Hence, by the strong Markov property, given 7,(8) < 75(6),

{Ru+7,5) = RT,5)},= 1s independent of Rz, (s) and has the same law as (R, Foso -

(2.29)
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Since for any § > 0, given 7,(8) < 75(5),

1

—|8R

i
5 [8R 800 = bl = 5 [0y = 8R7, ) — (b= 8R7,9))|

)
= |(RTA<b/6> - RTM)) - (b/‘S - RTa(S))|

= —(b/8 — R7,5))

b

Rr, ,

(b/5=R,5))

{ﬁﬂ}rpo is independent of Rz, (5) and b/8 — R, (s,

and b/8§ — R7,¢5) = b/5 — oo (§ — 0); by Lemma 2.11 and Corollary 2.12, we have that
asd — 0,

v [ ‘RTA(”/‘S‘RTLI(&)) B (b/S B RZ’((S))

Hence,

<X

Ta(8) < %(5)] — Pl =x], x=0.

1
P[E |8 Ry — b] < x

Ta(0) < 727(5)} — Pl =x], x=0.

Namely (2.27) is true. Similarly, (2.28) holds. Write A(8) := {7,(6) < 7,(8)} and B(5) :=
{7p(8) < 74(8)}, and

pa(8) :=P(A@©)), pp(8) :=P(B(3)).

Then
8) — b ©)) lal ) 0 (2.30)
_ — , 6 — 0. .
Pa b+la PP bt lal
Note that by Lemma 2.11, as § — 0,
1
P [5 |8RT, 5 — b| < x:| — Pl <x], x> 0. (2.31)

Since for any x > 0,

1
P [g |8R7, 5 — b| < x]

1
A((S)] Pa(8) + P[g |8RT, 5 — b < x

1
:]P)|:g|8RTA(b/6> _b| =X B<8)i| Py,
by (2.27), (2.30) and (2.31), as 6 — O,

1
P[g |8R %) — b| < x

1
B(‘S)} = IF’|:5 |8R T, — b] < x

B(8)i| — P& < x].

(2.32)
Similarly, as § — O,
1
IP’[E |8R7,5) —a| < x A(S):| — P[§ <x], x> 0. (2.33)
Let
E|R?
cx =E[§] = lim E[Ry,, — 1] = M
e L0 T R Ry
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Combining (2.32), (2.33) as well as Corollary 2.10, for some r, r, > 0, we get
E[[&R%@) —a ‘A(é)] — 8t oeT), 850 (2.34)
E[[3R70 — b| |B®) | = c.b + 0™ ), 50, (2.35)

We proceed to the final step of the proof. Since {§ R, }, <7, is a martingale, we have

E[8R7,] = E[sRo] = 0.
Note that
Ry = (8R7,0) —a +a) /5 I1ae) + (SR7,) — b+ b) /8 Ips)
= <—% 8R7,5) — al +a/5> Ias) + (% |8R7;e) — b] + b/5) 1)
By (2.34) and (2.35), let r = min{ry, r2}, we obtain
0 =E[§Rr,] = P(A(§)) X (a — cx8 +0(e™5)) + P (B(8)) x (b+cx8 +0(e™5)),
Since P[A(S)] +P[B(8)] = 1, we obtain
b+ cy6 + o(efg)

P[AG)] =P (Rp, = a) = , 2.36
[AO)] & a) b—a+26*8+0(e_§) ( )
P[B()] = P (5Ry, = b) = — 2~ Fole?) 2.37)

b—a+2c,é +0(€7%).

Recall that ws(0, z, Q) = P (§R7, = z) ,z € {a, b} is the discrete harmonic measure of
{6Rn}n>0, and @ (0, z, 2) = P (B(rq) = z) is the harmonic measure for 1-dimensional
Brownian motion, and
b =a
P(B(tq) =z2) = {”:j’ = (2.38)

mar 1=b

Expanding ws(0, z, 2) — w(0, z, ) into a power series at § = 0. Therefore, for any n € N,

1 n—1
g%y(mmgxn—maam—ﬁybgmmﬂ>=ﬂﬁ%amzemwh

k=1
where
%%aaz{kmihﬁﬁm’zzm
e
The proof is completed. O

3 High-Order Correction

In this section, we propose two high-order conjectures about the correction of discrete har-
monic measures: the conjecture for rotationally invariant case and a more general case. A
more general case means that there is no requirement for the step distribution of the random
walk to be rotationally invariant, or for the step distribution of the random walk to be i.i.d.,
or even for the random walk to converge to Brownian motion.
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3.1 High-Order Correction for Rotationally Invariant Case

In this subsection, we will propose a conjecture regarding the high-order correction of the
harmonic function for the rotationally invariant random walk in RY. d > 2, and provide a
non-rigorous proof for such conjecture.

For [ € (0, c0) and small &, define

Dy = [z e R : distz. D) < 13 3.

If I = 1, write Ds := Djs. Denote by @ (0, d¢; Ds) the harmonic measure for the d-
dimensional standard Brownian motion exiting from Dj. To facilitate a better understanding
of the conjecture that we are about to present, it is necessary to introduce the following
proposition.

Proposition 3.1 Let g(z) be any bounded smooth function on z € dD. For d; C dDs,dz C
dD with ¢ = z — én;. For small enough § > 0, we can write

o0
®(0,dg; Ds) — w(0,dz; D) = Y 8"pf (0, 2)|dz, (3.2)
n=1
where {,Og) 0,2),i=1,2--- ] is a class of measurable functions on d D. Then the following

equations hold:
/ g(@)py) (0. 2) |dz|=/ D @w0,dz; D), i=1,2,--- (3.3)
8D 8D

where 2 (z) satisfy the following Taylor series at § = 0, i.e.
0 . .
f (¢ +8n)w(z, dg; Ds) — g() = Y 2V (2)8".
IDs i=1

In particular,

0 oh
V@) = —g @) 0.2 = 00, 2 = 2D (3.4)
n, ong

here f(2) is a harmonic function in D with boundary value givenby g(z), z € 0D andh(z) isa
harmonic function in D with boundary values given by the Poisson kernel Kp(0, z),z € dD.
Moreover,

/ Py (0.2)1dz| =0, i=12--.
oD

Proof Let f be the solution of the continuous Dirichlet problem

Af(z) =0, ze€ D,
f(2) =g, ze€dD.

and we define another solution to the Laplace equation in D;s. Let fsolve

Af(©)=0, ¢ e Ds, 53)
f@)=g@),t=z—6n,€0dDs, z€dID. :

The equation (3.5) implies that falso solves

Af(z)=0, zeD,
[ F2)=2@). z € aD. (3.6)
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with
2(2) :/ gt +dny)w(z,d¢; Ds), z€dD, ¢ =z—dn, €dDs.
dD;s

Hence, we have

FO) = £0) = [,p, 8¢ +6n2) 0(0.d8: Dy) — [, 8() (0, dz: D)
= [;p 8@ ©(0.dz: D) = [, 8(2) (0. dz; D)
= [;p (8(2) — g(2)) @(0,dz; D) 3.7)

[ee)

= fop® ;?i)(z)w(O, dz; D).

The second equality above holds because the solutions for f(z) in equation (3.5) and (3.6)
are the same for z € D. The equation (3.7) has another equivalent expression by changing
the integral interval. That is

F@O) = f0) = [, 8¢ +8n) ©(0,d¢; Ds) — [, 8(2) (0, dz; D)
= [yp 8 [@(0,d(z = 8n,); Ds) — (0, dz; D)]

= on (1)
= [yp8@ 2. 8"pp (0,2)|dz].

n=1

(3.8)

By comparing the both sides of the equality in (3.7) and (3.8) term by term, we see that the
equation (3.3) holds.

Recallthat f(z) = g(z),z € 0D and f(z) = g(z) closely relatedto g(z), ¢ = z—dn,, z €
9D. Hence, the Taylor series of g(z) — g(z) satisfies

df(2)
on,

Therefore, the following equation holds.

§+ 0%, zeaD.

2x) —gl) =

0f(2)

ap Ong

/BD 2@pH)(0, 2) |dz| = (0, dz; D).

Defined pp (0, 2) := p3 (0, 2) = 222 The proof of Lemma 2.12 in [31] implies that

ong

oh
oo, = 1
n;

The equations fab pg) 0,2)|dz] =0, i = 1,2--- follows only by setting g(z) = c for a
certain constant ¢ # 0. So far, the proof is completed. O

By the Proposition 3.1, one can accurately calculate the universal measurable function
pg) (0, z) of higher-order and obtain some properties of ,01(;1) (0, z). These results will be used
for the higher-order estimates of the discrete measure in Conjecture 3.2 and 3.3.

Based on deep insight and thinking of correction to the one-dimensional discrete harmonic

measure in Theorem 1.2 and Proposition 3.1. We have following conjecture.

Conjecture 3.2 Assume that D C RY(d > 2) is an open simply-connected bounded domain
with 0 € D and 3D is smooth. And 1 is a rotationally invariant probability on B and
w({0}) < 1. Then we conjecture following holds for any finite n € N.

- 1 n—1
lim = (ws(ﬂ, dz; D) — (0.dz: D) — Y _(cud) oy (0. z)|d2|> = clpp) (0, 2)\dz],
k=1
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where ¢y, pg') are specified in (1.10) and (3.2) respectively.

The heuristic derivation of Conjecture 3.2. On the one hand, by Theorem 1.1 and Theorem
1.2, itis not difficult to verify that for Vz € 3 D, the average distance of random walk {8 S}, }

n>0
under the condition of exiting from z is ¢;,§ + o(e™"/%) for some r > 0 depending on z as

8 — 0, especially,
o1
¢ = lim <E Uss?p —4]

rSS?D = z] , a.s.

On the other hand, with d¢ = d(z — én;), the Proposition 3.1 implies that

oo

®(0,d¢: De,s) — (0,dz; D) = Y (cu8)" ppy (0, 2)dz.

n=1

Combined with the known conclusions: the first-order correction function of w (0, d¢; D, M(s)

is the same as that of w;(0, dz, D), (see to (1.7), note: pp(0, z) = ,o(Dl)(O, z),z € D).
From the above reasons, we expect that the Conjecture 3.2 holds.
Notice the fact that the Conjecture 3.2 holds for n = 1 (refer to [31, Theorem 1.2]) and
is a natural generalization of 1-dimension case (see Theorem 1.2(ii)). The Theorem 1.2(ii)
and Conjecture 3.2 imply that one approximate the discrete harmonic measure by computing
their analogues for a Brownian motion process with stoping boundaries at a — ¢.8, b 4 ¢,6
and dD¢,s respectively.

3.2 High-Order Correction for a More General Case

In this subsection, we generalize the Conjecture 3.2.

Reviewing the random walks studied in this paper, it can be found that their scaling limits
are Brownian motions. Therefore, not surprisingly, their scaling limits of discrete harmonic
measure converge to the continuous counterparts. However, on the one hand, there are lots
of random walks whose scaling limits are Brownian motions, but their step distribution
are not necessarily i.i.d. (e.g. the SRW on hexagonal planar lattices). On the other hand,
there are still many random walks whose scaling limits are not Brownian motions, but their
discrete harmonic measures converge to the continuous counterparts, these random walks
have similar first-order harmonic measure error correction. For example, RWNB, SKW on
square, triangular and hexagonal planar lattices and so on. The reader is referred to [10, 22,
23] and the references therein for further details.

Naturally, we present a more general conjecture on high-order approximation of the har-
monic measure error. The conjecture is generalized from two aspects: (i)We consider more
general random walks in d dimensions d > 2, whereas in [23], only 2D random walks (i.e.
SRW, RWNB and SKW on square, triangular and hexagonal planar lattices). (ii) We consider
n-th order correction (n > 1) in the discrete harmonic measure error correction, whereas in
[23], only first-order correction was considered.

When the random walk is not rotationally invariant. Define the general random walk
Sy = Z?:l X, here the support of the X; is on the R? with finite second moment. The X; here
does not have to be independent and identically distributed. Let @5 (0, dz; D), &s 4 (0, dz; D)
be the discrete harmonic measure of random walk {§S,},>1 and {85y «}n>1, respectively.
Here S, o is the image of §S, under rotation ¢ € SO(d), the special orthogonal rotation
group of d x d orthogonal matrices with determinant 1.
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Thus it is natural to redefine the discrete harmonic measure ws (0, -; D) by averaging over
the orientation: i.e.,

ws(0,dz; D) = / @5,4(0, dz; D) di(e),
SO(d)

where 71 is the normalized Haar measure on SO(d), and ®s (0, dz; D) is the image of
@5(0, dz; D) under rotation & € SO(d). Because of this averaging over the orientation of the
lattice, ws (0, dz; D) is a continuous measure on d D. More detailed descriptions with respect
to averaging over the orientation can be found in [23, 31].

Based on such definition by averaging over the orientation, we have the following more
general conjecture.

Conjecture 3.3 Assume that D C R? (d > 2) is an open simply-connected bounded domain
with 0 € D and 3 D is smooth. For any random walk {8 Sy }n>1 starting from 0 whose discrete
harmonic measure converge weakly to the continuous counterpart, and if there exist a positive,
finite, absolute constant c, € (0, 00) depending only on the random walk such that for any
z € 0D with respect to Lebesgue measure, by averaging over the orientation, as § — 0,

/ E [|35TD,O, —z|
SO(d)

then for anyn € N,

881,00 = z] dm(a) = cyd + o(efg), a.s. forsomer > 0;

.1 S ew® )
tim L <w5(0,dz; D) — (0, dz; D) — ;@*8) P00, 2)ldz| | = cp (0, )1z,

where ws(0, -; D) is the discrete harmonic measure by averaging over the orientation, pg)

are defined in (3.2).

Observe that, if Conjecture 3.3 holds, c, is also given by

: 4
¢y = lim / E*[[Stre = Sty
[—+o00 SO(d) H H

The interest of this conjecture lies in that it can provide more accurate estimations in the
study of a large of discrete harmonic measures and discrete Green’s functions.

In the following, we will provide the correction constants of SRW on some classical
lattices by averaging over the orientation. Let us illustrate it with several examples.

]dﬁi(a), £=(,---,0.)eR. (39

Example 3.4 Correction constant c, of SRW on triangular planar lattice.

Considering the SRW S = {S,},>1 on triangular planar lattice. More clearly, S with i.i.d
random variable X; € R2 such that

. 1 ki
P(X; = (cos(x), sin(x))) = 5 o= R k=0,..,5.
In fact, according to (3.9), c, is given exactly by
1 2
Cr = 7/ nO)do, h©):= lim E°[Ry]. (3.10)
2 0 [—+o00

where R, ¢ a.s. the nonlattice random walk on R with step distribution X; ¢ satisfy

k 1
P(Xi. =:|:cos(9+?n))= 5 k=0,1,2,0€[0,2n], i=12,...,
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Table 2 theoretical values ¢, for different random walk in Conjecture 3.3

d-dimension Random walk {S;},>1 Cx

d=2 SRW on triangular planar lattice 0.360153428425501
d=2 SRW on Z2 0.366026584297563
d=3 SRW on Z3 0.307282689984202
d=4 SRW on Z* 0.271695482505523

and 7} = min{n > 1 : R, p > [}. A(0) indeed a.s. exist with respect to the Lebesgue measure

for 6 € [0, 2r]. Define ® (¢, 0) = E[eﬁtxl-‘?]. Combining with the Corollary 2.12, (3.10)
can be writhen as

2
Ch = '/ / (“1_¢09»»dm&
272 12

Example 3.5 Correction constant c, of SRW on 74.d > 2.
Considering the SRW § = {S,},>1 on Zd(d > 2). More specifically, S with i.i.d random
variable X; € R? such that P(X; = +¢;) = ﬁ, where ¢; is the unit vector of the i-axis. In

fact, according to (3.9) and d-dimensional spherical polar coordinates transform (2.9), ¢, is
given exactly by

1 2n 7 b4
Cx = — / / h(er, -+ @a—1)Ja(1) doy, - -+, dpa—1, (3.11)
wd Jo 0 0

where wy is the area of 8B and fi(p1, - - - , pa—1) := W) = 1 lim E°[Ry ). Infact, here
—+00

R ¢ is a.s. the nonlattice random walk on R with step distribution X; ¢ such that

P(X;0 = £sin(g)) - - - sin(gq—2) sin(@s—1)) = 57,
P(X;p = isin(wl) - 8in(@g—2) cos(@a—1)) = 57,

P(Xip = ism(wl)COS((pz)) = 5,
P(Xlﬁ = iCOS(‘/’l)) = 2d

Define ® (¢, 0) = E[eﬁ’xw]. Combine with the Corollary 2.12, we get

~rd/2) (> 2d(1 — @(t,0
oo [ [ [ e (PR ) aacy v, g

Hence, it is readily to deduce the following decimal approximation results, see Table 2.

4 The Simulation for First and Second-Order Correction

We give several numerical simulation examples of first or second-order correction for the
Conjecture 3.2 and 3.3. We use three examples in R? and R? to numerically simulate the first
and second-order correction by the Monte Carlo method.
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For w = (x1,x2,-+,xq) € BIBB‘fe, we replace it with d-dimensional spherical polar
coordinates transform in (2.9), it is well known that

RZ_ |Z|2

waR (R + |22 — 2R|z| cos(@1))

ICIB;Z;e (z,w) = 4.1)

when z € {0}~ x (0, R).
For more details of Poisson kernel for IB%‘{a refer to [2, 15].

Proposition 4.1 Set D = B4, z = (0,---,0,r),7 € [0, R) and let w € IB% and ¢ =
w — dny,. Define

(R+8)%—r?) (R +8)"2
d (R +8)2 +r2 = 2(R + 8)r cos(p) >’

H(r,¢1,R,$) =

and set
d"H(r, @1, R, )

Hs(n)(r,gol, R,$) := a5

Then as 56 — 0, we have
o0 6”
®(z,d¢; Ds) — o(z. dw: D) = ) EHBM)(” o1, R, 0) [dwl, ¢ € dB%. ;.
n=1

Proof According to d-dimensional spherical polar coordinates transform in (2.9), then |d¢],
|dw| can be written as

e = (R+8)T 'dgy - -dgg—1,  |dw| =R 'dgy - dga-1.
and the Poisson kernel in (4.1), with the ¢ = w — én,, € E)IB%?e 18 then we get
®(z,d¢; Dy) — o(z, dw; D) = Kpa (2, 8) [d¢] — Kpg (2, w) [dw]
= (H(r,¢1,R,8) — H(r, ¢1, R,0)) do; ---dgs—1

o0 8”
= H" (g1 R.0) dgi - gy
n=1 """

The proof is now complete. O
If we set
1
L)z w) == —H{"(r, g1, R, 0), w e B
R n:

Considering the need for the simulation of first and second-order corrections later on,
we need to calculate Ppd, (z, w) := pégld) (z, w) and pI(Bi,) (z, w). A basic calculation yields the
following result. ! !

r@d/2)yr (r*@2—d)+r*d—4HRcosg; + 2+ d)rR> —dR>cos ¢1)

2m4/2R? (r? — 2r R cos g1 + Rz)d/z-H .

(O]

4.2)
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) _ 1 d—4 4 5
pB% (2, w) = _Za)d(RZ—ZCOS((p])Rr+r2)d/2+2 [R r(6Rr — Sdr

+6r° + 12R%r3 + d*r> + 24R%r3 cos®(¢1) — 2R3d cos(¢1)
—6R%dr3 — 24Rr* cos(¢) — R2d%r3 — 24R3r2 cos(¢1)
+3R*r + 2R3dr? cos(p1) — 2Rd*r* cos(p1)

+2R%dr cosz(fpl) — 10R%dr3 cosz(<p1) +2R3d%r? cos(p1)

—R*d2r cos?(¢1) + 16Rdr* cos(gr) + R2d*r3 cos2(<p1)].

(4.3)

In the following three examples, we redefine [S# J ] o with 4 ; instead of p which is

n=
similar to the definition of {S;'} _, in (1.1).

n>0

Example 4.2 Consider random walks {8 S,‘f J } o (j = 1,2, 3) starting at 0 = (0, 0) with u
n>

the uniform distribution on B2, 2 the uniform distribution on B2, 3 the 2-dimensional
standard normal distribution, respectively. Let

1
Zo=<0,§), D={¢eR*:|¢+zl<1}.

Write Kp (0, ¢) and g2 (20, z) for the Poisson kernels of D and B2 respectively. Translation
invariance implies

Kp(0, z — z0) = K2 (20, 2), z € 0B
Introduce 2-dimensional spherical polar coordinates transform:
z = (rsin(¢), rcos(¢)), ¢ €[0,2x].

From (4.1), we have Kp(0,z — z9) =
lation invariance, we can derive that

m. By the equations (4.2), (4.3) and trans-
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3(3 — 5cos(¢)

R St S A 2
w6 —3eos@p)? C B

1
P50,z — z0) =

and

9(cos(2¢) — 36 cos(¢p) + 27)

2
87Geosg) —57 0 €8

2
P20,z — 20) =

Without considering the constant product factor, we write F g) (%),i = 1, 2 as the first and
second-order correction for difference of the cumulative distribution function(CDF) between
discrete harmonic measure and continuous harmonic measure in D, respectively. Noticing

the symmetry properties of pg), we might as well define for F g)(ﬁ‘), i =1, 2 as follows:

Fg)(ﬁ)=/ P90, z — z0) d¢=2/ PR (0.2 —z0) dgp, ¥ € [0, 7).
re)

where ['(9) = {z=(x,y) € 9D : z — z0 = (cos(h), sin(9)), 6 € [0, 9] U 27 — 9, 27 ]},
Y € [0,7]. And we write F(l) (z?) i = 1,2;j = 1,2,3 as the corresponding first
and second-order simulation dlfferences Recall of the ¢,; in Table 1, the definition for

F;’) (), i =1, 2 are as follows:
1
Fi @) = — / (@5(0,dz; D) — (0, dz; D)) dg, ¥ € [0, 7).
CM_/'(S )
FOL0) = — (F, @) = FR @), # € [0, 7],
M15
In this example, we do simulations with § = 0.1 for ws(0, dz; D) by the Monte Carlo method.

In our simulation, for each random walk 8S¥£, Jj =1,2,3., we generate 3 X 10° samples.

For each sample, we run the {(SSﬁf i } o until it exits the domain D. Finally, we record the
n>

exit point of § SlTLé on the 9 D. The simulation results and theoretical calculation results are
displayed in Figs. 1 and 2.

Example 4.3 Consider random walks {85,7 J } o starting at 0 = (0, 0) with w the uniform

n>
distribution on B2, (2 the uniform distribution on B2, /3 the 2-dimensional standard normal
distribution, 14 the SRW on square planar lattice and 5 the SRW on triangle planar lattice,
respectively. Let

={x. ) eR*: 1<yl <2}, & :={Cxy eR:y=-1},
9 = {(x,y) e R?: y =2}

Since the harmonic measure is conformally invariant, it is not difficult to deduce the Poisson
kernel with respect to Ds = {(x,y) € R?: =1 =8 < |y| <2+ 68}, i.e

sin(zfﬁ(l—}—ﬁ))
2(3+28)(cosh(3+25) cos(ﬁ(wa)))
sm(m (2+9)

23+28) (cosh 7545 ) —cos (5755 2+9)) )

, z=(x,y) €1(0);
KD5(07 Z) =

z=(x,y) € 02(8).
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Fig. 1 The first-order rescaled difference Fa(llij (), i = 1, 2 from simulations with § = 0.1

0.25 —F%w)
@ |
02} —o—F, )
—o—F? @
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0.1 3
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Fig.2 The second-order rescaled difference Fs(z;i/ (9),i =1, 2 from simulations with § = 0.1

where 91 (8) := {(x, y) € RZ: y=—1-=46},00) :={x,y) € RZ: y = 2 + §}. Thence,

1
Kp(0,2) = Kp, (0, 2) = § V3@eoshime/9-2
V3(4cosh(rx/3)+2)’

z=1(x,y) € 01;
z=(x,y) € 07.

By the equation (3.2), we can derive

2/37x sinh (7 x /3)+(r —6+/3) cosh(wx /3)—2m+3+/3 _ .
) 27(1—2 cosh(rx/3))2 . z=(x,y) €
IOD (05 Z) = .

2/3nx sinh(7rx /3)+(x —6+/3) cosh(7rx /3) 427 —3+/3 —(r.y) €d

27(2 cosh(rx/3)+1)? > =Wy 2.
and
Py (0.2)
1 2,2 2 2
m[* 12/372x% + (ﬁn (4x2—1)+1207 — 144J§) cosh(rx/3)

+ (ﬁn2(4x2 —1)—24x +72J§) cosh(2mx /3) —287%x sinh(rr x /3) +48+/3m x sinh (7 x /3)
+472x sinh(27x /3) —48+/3mx sinh (27 x /3)+3+/372 =727 + 108«/?], z=(x,y) € d;

1 2,2 2 2
m[— 12437 2x +(¢§n (1—4x )—120n+144¢§) cosh(x/3)
+ (ﬁn2(4x2 —1)—24x +72J§) cosh(27x /3)+2872x sinh(rr x /3) —48+/37 x sinh (7 x /3)
+472x sinh(27x /3) —48+/37x sinh 27 x /3) +3+/372 =727 + 108ﬁ], 7= (x,y) € 0.
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Likewise, similar to the definition in Example 4.2. We use the function I'(?}) of ¥ € [0, 7]
to parameterize the boundary of d D, more specifically,

@) ={z=(x,y) € 3D :angle(z, (0, 1)) < ¥}, 2 €0, 7]
where angle(z, (0, 1)) means the vector angle between the z and 77 = (0, 1). With the
correction constants Cuj in Table 1 and Table 2, define
Fp @) = / pP0,2) dz, @ €0, 7];
r'®)

1
CM.(S
1
CMIS

F(l) (@) = /W)(wa(o, dz: D) — w(0,dz; D)), © €[0,7]:

F2) () = (F(” ) — l()l)(ﬂ)), 9 € [0, 7.

In this example, we do simulations with § = 0.1 and generating 3 x 10° samples for each
random walk iSSffj } 0 with u; =1, 2, 3 and with § = 0.02, 103 samples for each random
n>

walk [ SS# J ] o with ;; = 4, 5. The method use here is similar as that of Example 4.2 and
n>
the simulation results are shown in Figs. 3 and 4.

Example 4.4 Consider random walks !SSf,L j } o starting at 0 = (0, 0, 0) with | the uniform
n>

distribution on B3, W2 the uniform distribution on B3, /43 the 3-dimensional standard normal
distribution, 114 the SRW on Z3, respectively. Let

! 3
20=00.3). D={¢eR :l¢+z0l<1}.

Write Kp (0, ¢) and Kp3 (2o, z) for the Poisson kernels of D and B3 respectively. Obviously,
Kp@©,z — z0) = Kg3(z0.2), z € IB>.
Introduce 3-dimensional spherical polar coordinates transform:
z = (r sin(¢) sin(@), r sin(¢) cos(@), rcos(¢p)), 0<¢dp <m, 0<6 <2m, r >0.

From (4.1). Kp(0,2 = 20) = 5.

By the equations (4.2), (4.3) and translation invariance, we can derive that

33 — 63 cos(¢) 2 c IB®
43/27(5 — 3 cos($))3/2

Py (0,2 —z0) =
and
27(3 cos?(¢) + 20 cos(¢) — 15)
8+/27(5 — 3cos(¢))7/2

A similar reason as that of Example 4.2, define

, ze€dB.

2
P20,z — z0) =

FP ) = / / (0, z — z0) sin(¢) dpdo, ¥ € [0, 7];

F;” @) = - / / (w5(0, dz; D) — (0, dz; D)) sin(¢) dpdd, o € [0, 71;
I
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Fig.4 The second-order rescaled difference Fs(zlz () from simulations with § = 0.1 in strip domain D
K

F2) () = —5( FY @) - F(l)(z?)) 9 € [0, 7].
MJ

We do simulations with § = 0.1 and generating 3 x 10° samples for each random walk
{35,’1“ with u; = 1,2,3 and with § = 0.02, 2 x 10® samples for random walk

n>0
{854*} _,- The simulation results are shown in Figs.5 and 6.
n>0

From Figs. 1-6, it seems that the simulation results agree very well with the conjectured
counterparts accordingly. Notice that there may be several factor which influence our simu-
lation results, such as the finite number of samples and § not small enough. In fact, one of the
important errors between simulation and theory is that: if the § is not small enough, there is
a small error between the correction constant in the simulation and the theoretical constant

Cu-

@ Springer



The High-Order Corrections of Discrete Harmonic Measures... Page 33 of 35 81

Ofg ———————— =
-0.05
1
- F(D)(g)
0.1 (1)
o F"M(d)
) (9
015k —o— FJ',,Z(#)
——F @)
3
021 FH )
e
-0.25
. .
0 0.5 1 1.5 2 25 3

0.3

0.25

0.2

0.15

(2)
FS,/L

Fig.6 The second-order rescaled difference (¥) from simulations with § = 0.1
J

5 Concluding Remarks

In this paper, we obtain the following simpler and easily computable expression for the first-
order correction constant ¢, between discrete harmonic measures for random walks with
rotationally invariant step distribution 4 in R¢ (d > 2) and the corresponding continuous
counterparts (refer to (1.10)):

. ¢ aom — d
C/L:lhm E US%{:I_S%-M:I’ ¢=0--.0h ek

—+00
Then the accurate value of ¢, can be calculated through the overshoot of random walk for
1-dimensional random walks. For the non-rotational invariant step distributions u, we believe
¢y, has a similar expression, refer to (3.9). Based on a heuristic deduction and several numer-
ical simulations, we propose a universality conjecture on high-order corrections between
generalized discrete harmonic measures and their continuous counterparts in d-dimensional
domain D ¢ R4, d > 2.More clearly, when there is a universality of the first-order correction
between discrete harmonic measures and their continuous counterparts, the related high-order
corrections must also exist and have the corresponding universality expressions. For exam-
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ple, the random walk with a rotationally invariant step distribution, the SRW, RWNB, SKW,
and other random walks having a universality for the first-order corrections, we believe the
following expression also holds true for these discrete harmonic measures: for any n € N,

n—1

1 "
lim — (@50, dz: D) — 0(0,dz: D) — > (¢, pfy (0. 2)|dz| | = cf,pjp (0, 2)dz.
§—0 6" P

For the details, see Conjectures 3.2 and 3.3.

Furthermore, we have studied numerically the exit distributions of rotational invariant
random walks on R, d = 2, 3, SRW on triangular planar lattice and SRW on 74.d =2,3.
All these simulations support the conjecture that the difference between the random walk exit
distributions and harmonic measures is, to the first-order and the second-order in the space
8, given by

(c.® pW 0, 2)dz], i = 1,2,

where the constant ¢, depends only on the random walks, and the density function pg) 0, 2)
depends only on the domains. Although we have not provided simulations beyond the third
order, but our Conjectures 3.2 and 3.3 suggests that higher-order simulations are also valid.
This is because they would require more powerful computers to achieve better simulation
results (i.e., smaller delta and more samples). We welcome scholars who are interested in
numerical simulations to conduct more in-depth simulations. Thus there is a sort of univer-
salities for these high-order corrections.

Finally, although several numerical simulation examples are given in this paper, it would
be interesting to do more test simulations for more random walks. Perhaps the most important
question for the future research is to prove Conjecture 3.3 for those classical random walks
on lattices. If we weaken the boundary condition of D and could find another effective way
to define pg) (0, z), Conjecture 3.3 may hold true for those domains D whose boundaries
are piecewise smooth. Refer to [23] for the numerical simulation evidence for the first-order
correction of two-dimensional discrete harmonic measures with respect to those D whose
boundaries are piecewise smooth. As pointed out by Kennedy [23], there is another very
natural way to define the ‘exit’ point in D when the random walk exits D: By linearly
interpolating between the steps of the random walk so that it becomes a piece-wise linear
curve in R?, we can consider the first point where this curve intersects d D as the exit point.
In this setting, Conjectures 3.2 and 3.3 may hold but with a possibly different correction
constant ¢, .
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